Self-dual codes over finite fields and over some finite rings have been of interest and extensively studied due to their nice algebraic structures and wide applications. Recently, characterization and enumeration of Euclidean self-dual linear codes over the ring F q + uF q + u 
Introduction
Self-dual linear codes over finite fields form an interesting class of linear codes that have been extensively studied due to their nice algebraic structures and wide applications (see [8] , [11] , [12] , [19] and references therein). Codes over finite rings have been of interest after it was shown that some binary non-linear codes such as the Kerdock, Preparata and Goethal codes are the Gray images of linear codes over Z 4 in [7] . In general, families of linear codes and self-dual linear codes over finite chain rings are now become of interest. In [14] , the mass formula for Euclidean self-dual linear codes over Z p 3 has been studied. Characterization and enumeration of Euclidean self-dual linear codes over the ring F q + uF q + u 2 F q with u 3 = 0 have been given in [3] .
Algebraically structured codes over finite fields such as cyclic codes, abelian codes and quasi-abelian codes are another important family of linear codes that have been extensively studied for both theoretical and practical reasons (see [2] , [8] , [10] , [11] , [12] and references therein). In [10] , H-quasi-abelian codes and self-dual H-quasi-abelian codes in F q [G] have been studied in the case where
To the best of our knowledge, Hermitian self-dual linear codes over F q + uF q + u 2 F q and non-semisimple H-quasi-abelian codes in F q [G] have not been well studied. The goals of this paper are to investigate the following families of linear codes and their links. 1) Hermitian self-dual linear codes over F q + uF q + u 2 F q where q is a square prime power. 2) H-quasiabelian codes and self-dual H-quasi-abelian codes in group algebras F q [G] , where H ≤ G are finite abelian groups and F q [H] is a principal ideal group algebra. In Section 2, some results on linear codes and Euclidean self-dual linear codes over F q + uF q + u 2 F q are recalled. In Section 3, characterization and enumeration Hermitian self-dual linear codes of length n over F q + uF q + u 2 F q are established for all square prime powers q. In Section 4, the study of H-quasi-abelian codes in F q [G] is given, where F q [H] is a principal ideal group algebra. In the special case where the field characteristic is 3, the characterization and enumeration of A × Z 3 -quasi-abelian codes and self-dual A × Z 3 -quasi-abelian codes in 
Preliminaries
In this section, basic results on linear codes and Euclidean self-dual linear codes over rings are recalled.
Linear
Codes over F q + uF q + · · · + u e−1 F q For a prime power q, denote by F q the finite field of order q. Let F q + uF q + · · · + u e−1 F q := {a 0 + ua 1 + · · · + u e−1 a e−1 | a i ∈ F q for all 0 ≤ i < e} be a ring, where the addition and multiplication are defined as in the usual polynomial ring over F q with indeterminate u together with the condition u e = 0. It is easily seen that F q + uF q + · · · + u e−1 F q is isomorphic to F q [u]/ u e as rings. The Galois extension of F q + uF q + · · · + u e−1 F q of degree m is defined to be the quotient ring (F q + uF q + · · · + u e−1 F q )[x]/ f (x) , where f (x) is an irreducible polynomial of degree m over F q . It is not difficult to see that the Galois extension of F q + uF q + · · · + u e−1 F q of degree m is isomorphic to F q m + uF q m + · · · + u e−1 F q m . The ring F q + uF q + · · · + u e−1 F q is a finite chain ring with maximal ideal u , nilpotency index e and residue field F q . In addition, if q is a square, the mapping¯:
is a field automorphism on F q of order 2. Extend¯to be a ring automorphism of order 2 on F q + uF q + · · · + u e−1 F q of the form a 0 + ua 1 + · · · + u e−1 a e−1 = a 0 + ua 1 + · · · + u e−1 a e−1 .
Let n be a positive integer and let R be a finite ring. The Euclidean inner product of
In the case where q is a square and R ∈ {F q , F q + uF q + · · · + u e−1 F q }, the Hermitian inner product of u and v in R n is defined to be
A linear code C of length n over the ring R is defined to be an R-submodule of the Rmodule R n . A matrix G over R is called a generator matrix for C if the rows of G generate all the elements of C and none of the rows can be written as a linear combination of the others. Linear codes C 1 and C 2 over R are said to be equivalent if there exists a monomial
and C ⊥ H = {v ∈ R n | u, v H = 0} the Euclidean and Hermitian duals of C, respectively.
A linear code C is said to be Euclidean (resp., Hermitian) self-orthogonal if C ⊆ C ⊥ E (resp.,
In Section 3 and the remaining parts of this section, we focus on linear and self-dual linear codes over F q + uF q + u 2 F q . In [15] , it has been shown that every linear code of length n over F q + uF q + u 2 F q is permutation equivalent to a code C with generator matrix For each linear code C of length n over F q + uF q + u 2 F q and i ∈ {0, 1, 2}, the ith torsion code of C is a linear code of length n over F q defined to be
The code Tor 0 (C) is sometime called the residue code of C and denoted it by Res(C). From the definitions, it is obvious that Res(C) = Tor 0 (C) ⊆ Tor 1 (C) ⊆ Tor 2 (C). For a linear code C of length n over F q + uF q + u 2 F q with generator matrix G given in (1), the residue code Res(C) has dimension k and generator matrix
the first torsion code Tor 1 (C) has dimension k + l and generator matrix
and the second torsion code Tor 2 (C) has dimension k + l + m and generator matrix 
For 0 ≤ k ≤ n, the Gaussian coefficient is defined to be
Let N e (q, n) denote the number of distinct linear codes of length n over F q + uF q + · · · + u e−1 F q . The number N e (q, n) has been studied and summarized in [4] . For e = 3, we have the following result. . Let q be a prime power and let n be a positive integer.
Then
2.2 Euclidean Self-Dual Linear Codes over
Let C be a linear code of length n and type {k, l, m} over F q + uF q + u 2 F q and let h = n − (k + l + m). In [3] , it has been shown that the Euclidean dual C ⊥ E of C is of type {h, m, l} and it contains q 3h+2m+l codewords. Therefore, k = h and l = m whenever C is Euclidean self-dual. Consequently, every Euclidean self-dual code of type {k, l, m} over F q + uF q + u 2 F q has even length n = 2(k + l).
Characterization of Euclidean self-dual linear codes of even length n over F q + uF q + u 2 F q has been established in [3] .
. Let q be a prime power and let C be a linear code of length n and type {k, l, m} over F q + uF q + u 2 F q with generator matrix G in the form of (1).
Then C is Euclidean self-dual if and only if k = h, l = m and the following conditions hold:
For a positive integer n and a prime power q, let σ E (q, n) denote the number of Euclidean self-dual linear codes of length n over F q . Further, if q is a square prime power, let σ H (q, n) denote the number of Hermitian self-dual linear codes of length n over F q . The following results in [17] and [19] are useful in the enumeration of self-dual linear codes over
Lemma 2.3 ( [17] and [19] ). Let q be a prime power and let n be a positive integer. Then
if q and n are even,
If q is square, then
The empty product is regarded as 1.
Let N E e (q, n) denote the number of distinct Euclidean self-dual linear codes of length n over F q + uF q + · · · + u e−1 F q . The value of N E 3 (q, n) has been completely determined in [3] . . Let q be a prime power and let n be a positive integer.
if q is even and n is even,
if q is odd and n is even, 0 otherwise.
3 Hermitian Self-Dual Linear Codes over
In this section, we focus on characterization and enumeration of Hermitian self-dual linear codes of length n over
Throughout this section, we assume that q is a square prime power. For each positive integer n, let N H e (q, n) denote the number of distinct Hermitian self-dual linear codes of length n over F q + uF q + · · · + u e−1 F q . By extending techniques introduced in [3] , the characterization and the number N H 3 (q, n) of Hermitian self-dual linear codes of length n over F q + uF q + u 2 F q are established.
Let C be a linear code of length n over F q + uF q + u 2 F q of type {k, l, m} and let h = n − (k + l + m). Using argument similar to those in Section 2 of [3] , it can be deduced that the Hermitian dual C ⊥ H of C is of type {h, m, l} and it contains q 3h+2m+l codewords. It follows that k = h and l = m if C is Hermitian self-dual. Hence, every Hermitian self-dual code of type {k, l, m} over F q + uF q + u 2 F q has even length n = 2(k + l).
terization of Hermitian self-dual linear codes of even length n over F q + uF q + u 2 F q is given in the following theorem.
Proposition 3.1. Let q be a square prime power and let C be a linear code of even length n and type {k, l, m} over F q + uF q + u 2 F q with generator matrix G in the form of (1). Then C is Hermitian self-dual if and only if k = h, l = m and the following hold:
Proof. Assume that C is Hermitian self-dual. By the above discussion, we have
which are equivalent to the conditions (11)- (14).
Conversely, assume that C is a linear code such that k = h, l = m and the conditions (11)- (14) hold. From (11)- (14), it is not difficult to see that C is Hermitian self-orthogonal.
Equivalently, C ⊆ C ⊥ H . Since k = h and l = m, we have |C| = |C ⊥ H | which implies that
Corollary 3.2. Let C be a Hermitian self-dual linear code of length n over
Then the following statements holds.
Proof. Assume that C is of type {k, l, m} over F q + uF q + u 2 F q . Then From (11)- (13), (11)- (14), we have Tor
Since Res(C) = Tor 0 (C) ⊆ Tor 1 (C) ⊆ Tor 2 (C), it can be concluded further that Res(C) is Hermitian self-orthogonal for all Hermitian self-dual linear codes C over F q + uF q + u 2 F q . From Corollary 3.2, a Hermitian self-dual code C of length n over F q + uF q + u 2 F q can be induced by Hermitian self-dual linear codes of length n over F q . For a given Hermitian self-dual code C 1 of length n over F q , we first aim to determine the number of Hermitian self-dual linear codes C of length n over F q + uF q + u 2 F q such that Tor 1 (C) = C 1 . Proposition 3.3. Let q be a square prime power and let n be an even positive integer. Let C 1 be a Hermitian self-dual linear code of length n over F q . Then, for each 0 ≤ k ≤ n 2 , there are q kn 2 Hermitian self-dual linear codes of length n over F q + uF q + u 2 F q corresponding to each subspace of C 1 of dimension k.
Proof. Let C 1 be a Hermitian self-dual linear code of length n over F q with dimension n 2 = k+l and generator matrix A
where the columns are grouped into blocks of sizes k, l, l and k.
Since C 1 is Hermitian self-dual, we have
Let H = A 30 A 40
. From (16)- (18), it can be deduced that
Let C 0 be a k-dimensional F q -subspace of C 1 with generator matrix A. Since C 1 is Hermitian self-dual, it follows that C 0 is Hermitian self-orthogonal. Up to permutation of the last
has a generator matrix of the form    
follows that A 40 is invertible.
Next, we determined the matrices over F q + uF q + u 2 F q satisfying conditions (11)- (14) which are equivalent to
The matrices A 2 , B 3 and C 4 are considered modulo u, 
where X := X + X † . We can also write (21) as
By substituting (18) into (21), we obtain that
From (23), C 4 is uniquely determined as
It is sufficient to focus on (20) because (18) is the same as (22). From (16), we have to determined the matrices satisfying the following:
Hence, C is a Hermitian self-dual linear code if and only if conditions (24) and (25) are satisfied.
Therefore, the number of Hermitian self-dual linear codes of length n over F q +uF q +u 2 F q whose the 1st torsion is C 1 equals the number of solutions of the system of matrix equations (24) and (25).
We take an arbitrary matrix 
Using a similar argument as above, we have q
if n is even, 0 otherwise.
Self-Dual Quasi-Abelian Codes over Principal Ideal Group Algebras
In this section, the study of quasi-abelian codes over principal ideal group algebras is given. In the special case where the field characteristic is 3 and the Sylow 3-subgroup of the underlying finite abelian group has order 3, complete characterization and enumeration of quasi-abelian codes and self-dual quasi-abelian codes are presented in terms linear codes and self-dual linear codes over F 3 m + uF 3 m + u 2 F 3 m obtained in [3] , [4] and Section 3.
Group Rings and Quasi-Abelian Codes
Let R be a finite commutative ring with nonzero identity and let G be a finite abelian group. Let {g 1 , g 2 , . . . , g n } be a fixed set of representatives of the cosets of H in G.
where
It is well known that Φ is an R-module isomorphism interpreted as follows. 
A ×
We focus on H-quasi-abelian codes in
where s is a positive integer, A and B are finite abelian groups such that p ∤ |A| (see [6] and [12] ).
Note that the group algebra F p m [A] is semisimple [2] and it can be decomposed using the Discrete Fourier Transform in [18] (see [12] and [11] for more details). For completeness, the decomposition used in this paper are summarized as follows.
For co-prime positive integers i and j, denote by ord j (i) the multiplicative order of i modulo j. For each a ∈ A, denote by ord(a) the additive order of a in A and the p m -cyclotomic class of A containing a ∈ A is defined to be the set 
where 
Proof. For each 1 ≤ i ≤ t, let e i be the primitive idempotent induced by S p m (a i ). From Proposition 4.2, we have
and hence,
Under the ring isomorphism that fixes the elements in F p m i and Y 1 → u + 1, it is not difficult to see that
as rings. Therefore,
as desired.
For each finite abelian group B of order n, 
where C i is a linear code of length n over
is given as follows. 
where N A (d) is the number of elements of order d in A determined in [1] and
is the number of linear codes of length n over 
By taking the summation over all the divisors d of M , the desired result follows.
In the next subsections, we focus on self-dual A × Z p s -quasi-abelian codes in F p m [A × Z p s × B] with respect to both the Euclidean and Hermitian inner products. 
Euclidean Self-Dual
be viewed as
where B i , C j , D l and D ′ l are linear codes of length n over R i , S j , T l and T l , respectively, for all i = 1, 2, . . . , r I , j = 1, 2, . . . , r II and l = 1, 2, . . . , (r III )/2.
Furthermore, the Euclidean dual of C in (30) is of the form
is established in terms of a product of linear codes, Euclidean self-dual linear codes, and
Hermitian self-dual linear codes over Galois extensions of the ring 
Euclidean self-dual if and only if in the decomposition (30), i) B i is a Euclidean self-dual linear code of length n over R i for all i = 1, 2, . . . , r I , ii) C j is a Hermitian self-dual linear code of length n over S j for all j = 1, 2, . . . , r II , and
is a linear code of length n over T l for all l = 1, 2, . . . , (r III )/2.
From Corollary 4.8, the Euclidean self-duality of
depends only on the structure of A×Z p s and the index n = |B| but not the structure of B itself.
Given positive integers m and j, the pair (j, p m ) is said to be good if j divides p mt + 1 for some positive integer t, and bad otherwise. This notion have been introduced in [8] and [11] for the enumeration of self-dual cyclic codes and self-dual abelian codes over finite fields and it is completely determined in [9] . Let χ be a function defined on pairs (j, p m ) as follows.
The number of Euclidean self-dual
be determined as follows.
Theorem 4.9. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n is even and the exponent of A is M and p ∤ M . Then the number of Euclidean
where N A (d) denotes the number of elements in A of order d determined in [1] .
Proof. From Corollary 4.8, it suffices to determine the numbers of linear codes B i 's, C j 's, and 
The formula for the number of Euclidean self-dual 
Hermitian Self-Dual
In this subsection, we focus on the case where m is even and study Hermitian self-dual
The characterization and enumeration of Hermitian self-dual A × Z p s -quasi-abelian codes 
can be viewed as
where C j , D l and D ′ l are linear codes of length n over S j , T l and T l , respectively, for all j = 1, 2, . . . , r I ′ and l = 1, 2, . . . , (r II ′ )/2. Furthermore, the Hermitian dual of C in (32) is of the form
The characterization of Hermitian self-dual
in term of a product of linear codes, and Hermitian self-dual linear codes over Galois extensions of the ring 
is Hermitian self-dual if and only if in the decomposition (32), i) C j is a Hermitian self-dual linear code of length n over S j for all j = 1, 2, . . . , r I ′ , and
is a linear code of length n over T l for all l = 1, 2, . . . , (r II ′ )/2.
From Corollary 4.12, it follows that the Hermitian self-duality of A × Z p s -quasi-abelian
depends only on the structure of A × Z p s and the index n = |B| but not the structure of B itself.
Given a positive integer m and a positive integer j, the pair (j, p m ) is said to be oddly good if j divides p mt + 1 for some odd positive integer t. This notion has been introduced in [12] for characterizing the Hermitian self-dual abelian codes in principal ideal group algebra and completely determined in [9] .
Let λ be a function defined on the pair (j, p m ) as
The number of Hermitian self-dual A × Z p s -quasi-abelian codes in 
Conclusion and Remarks
By extending the technique used in the study of Euclidean self-dual linear codes over F q + uF q + u 2 F q in [3] , complete characterization and enumeration of Hermitian self-dual linear codes over F q +uF q +u 2 F q have been established for all square prime powers q. Subsequently, can be presented in terms of linear codes and self-dual linear codes over some extensions of F 3 m + uF 3 m + u 2 F 3 m determined in [3] , [4] and Section 3.
In general, it would be interesting to studied A×P -quasi-abelian codes and self-dual A×P -quasi-abelian codes in F p m [A×P ×B] for all primes p and finite abelian p-groups P . For e ≥ 4, characterization and enumeration of self-dual linear codes over F p m + uF p m + · · · + u e−1 F p m are other interesting problems.
